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Abstract
Existing mean field theories of imaginary time dynamics describing tunneling ”bounce” of inter-
acting Fermi systems are of the Hartree-Fock type in which the pairing effects are ignored. Here we
extend this theory to the Hartree-Fock-Bogoliubov(HFB) framework and derive the corresponding
generalisation of imaginary time dependent Bogoliubov-de Gennes (BdG) mean field equations.
We construct a representation of the partition function as a functional integral type of sum
over complete sets of states. These states are generated by a trial imaginary time dependent
Hamiltonian. Taking this Hamiltonian as describing non interacting BdG quasiparticles we use
the convex inequality to optimise its dynamical parameters at any given temperature. A prominent
feature of the resulting mean field equations is an inseparable interplay between quantum dynamical
and entropic statistical effects. With increasing excitation energy (effective temperature) the decay
process is gradually evolving from pure quantum tunneling to statistical ”bottle neck” escape
mechanism. Correspondingly the resulting bounce action is a sum of two terms - statistically
weighted dynamical penetrability action and tunneling entropy. The first (second) term gradually
decreases (increases) with increasing effective temperature.
BdG equations for the ”false ground state” tunneling decay (spontaneous fission in nuclear
physics) are obtained in the zero temperature limit of our formalism. At finite temperature we
indicate how our tunneling equations are useful e.g. to describe tunneling decays of excited mi-
croanonical ensemble of states. This should be helpful in providing a microscopic framework for
the phenomenological theories of induced fission phenomena.
1 Motivation. Thermal averaged penetrability and tun-
neling entropy.
Continuation of classical equations to imaginary time domain have long been understood as a way
to describe quantum mechanical tunneling phenomena, cf., Ref. [1]. By extending the field theo-
retical description of ”false vacuum decay”, Ref.[2], the fermion mean field tunneling description of
spontaneous fission, i.e. decay of a ”false ground state” was proposed in Refs.[3, 4]. This formalism
essentially amounts to imaginary time τ = it dependent Hartree-Fock (ITDHF) equations [5]. The
tunneling bounce solution appears as τ dependent Slater determinant eigenfunction of a bound-
ary problem with periodic boundary conditions on the imaginary time interval of asymptotically
infinite extent and single particle quasi-energies as eigenvalues.
Extension of these mean field equations was proposed in Ref.[6] to describe tunneling decay
of a micro-canonical ensemble of states of interacting Fermi systems with fixed excitation energy
E∗ and particle number N . Such decays provide a common description of the so called induced
fission, cf., Ref.[7]. The resulting dynamical equations describe statistically averaged tunneling
bounce of Slater determinants. Similar to the static thermal HF theory the N coherent single
particle wave-functions are replaced by their complete set each weighted with Fermi occupations
fν obeying
∑
ν fν = N . Unlike the static case however fν depend self-consistently on dynamical
quasi-energies. The infinite imaginary time interval is naturally ”shortened” to the finite inverse
temperature length −β/2 ≥ τ ≥ β/2 with β fixed by the energy E∗.
Probably the most novel feature of this description was an interplay of quantum mechani-
cal and entropic probabilities. This was explicitly manifested in the expression for the bounce
(microcanonical) action controlling the tunneling decay width, cf., Eq.(5.6) in [6],
Ξ(E∗, N) = −R(E∗, N)+S(E∗, N) = −
∫ β/2
−β/2
dτ
∑
ν
fν〈u¯ν(τ)| ∂
∂τ
|uν(τ)〉−
∑
ν
[fν ln fν+(1−fν) ln(1−fν)]
(1)
It is a sum of statistically weighted tunneling action R(E∗, N) and tunneling entropy S(E∗, N).
The first term vanishes for a static mean field solution while the last tends to zero at zero E∗ with
the occupations fν becoming stepwise 1 to 0 function of quasi-energies. We will derive a superfluid
generalisation of this expression below, Eq. (18), and will discuss it there.
The essential problem with the above mean field approaches is their restriction to Slater deter-
minants. Significant changes of the mean field shape during tunneling lead to multiple crossings
of single particle levels with different symmetry [8, 5]. Effective switching between such levels re-
quires presence of terms in the mean field Hamiltonian which seem to be absent in the Hartree-Fock
approximation. Theoretical considerations supported by growing body of numerical simulations
clearly indicate that the pairing interaction is often the missing component in the HF theories of
collective tunneling dynamics [9] - [16]. The Hartree-Fock-Bogoliubov (HFB) extension appears
to be the most suitable framework.
Our goal here is to propose such an extension and derive the generalisation of the Bogoliubov-
de Gennes (BdG) mean field equations to describe imaginary time tunneling bounce at zero and
finite temperatures. On the formal level we achieve this by developing a functional integral type
of a sum for the partition function over complete sets of states generated by an imaginary time
dependent trial Hamiltonian H0(τ). Assuming the HFB form of H0(τ) as describing non inter-
acting BdG quasiparticles we use the convex inequality to develop a variational framework and
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optimise the dynamical parameters of H0(τ). The resulting equations describe the quasiparticle
eigenfunctions bouncing in the imaginary time inverse temperature interval. The self-consistent
density and pairing matrices depend on the thermal Fermi occupations which in turn depend on
the quasiparticle quasienergies, cf., Eq.(15).
In the zero temperature limit these equations offer a HFB generalisation of the existing HF
equations for sponteneous fission type ”false ground state” decays. With increasing temperature
the interplay of the quantum and entropic probability elements as seen in the HF version is also
prominent in our results. The tunneling barrier is an inseparable mixture of these two elements
with smooth transition from quantum to entropic. This is consistent with the recent study [17] of
the excitation energy E∗ dependence of isentropic fission barriers. The barrier height EB(E
∗) is
not a fixed (zero temperature) parameter. As E∗ grows EB(E
∗) grows with it and although the
difference EB(E
∗)− E∗ decreases it vanishes only asymptotically at large values of E∗.
Theory of nuclear fission is a self evident field of application of our development. Impressive
recent improvements of numerical techniques and computer resources should help to apply our
results for improving the microscopic description of spontaneous and low energy induced fission.
It should also be useful in providing novel microscopic insights in the existing phenomenological
theories of the fission phenomena.
2 Preparing the partition function
Assume many fermion Hamiltonian
Hˆ = Tˆ + Vˆ =
∑
ij
tij aˆ
+
i aˆj +
1
2
∑
ijkl
Vijklaˆ
+
i aˆ
+
j aˆlaˆk (2)
in terms of standard Fermi operators aˆi and aˆ
+
j in an arbitrary single particle basis {φk(rσ) ≡
φk(x)} with one body part tij representing kinetic energy and possibly external potential and two
body interaction Vijkl. Consider the grand canonical partition function for this system
Z(T, µ) = Tre−β(Hˆ−µNˆ) =
∑
K
〈ΨK |e−β(Hˆ−µNˆ)|ΨK〉 , β = 1/T (3)
where {ΨK} is a complete set of many fermion states in the Fock space of the system. For the
micro-canonical case β and µ are determined in a standard way by E∗ and N .
Let us assume some trial Hamiltonian Hˆ0(τ) which is in general τ dependent. At the moment
there is no need to specify the exact form of Hˆ0(τ) apart of it being symmetric Hˆ0(τ) = Hˆ0(−τ). In
the following we will examine the specific choice of Hˆ0(τ) leading to finite temperature imaginary
time dependent Hartree-Fock-Bogoliubov(HFB) mean field formalism.
Let us assume that we know how to solve the following τ dependent eigenvalue problem based
on Hˆ0(τ)
[
∂
∂τ
+ Hˆ0(τ)− µNˆ ]|Ψ(0)(τ)〉 = Λ
β
|Ψ(0)(τ)〉 with |Ψ(0)(β/2)〉 = |Ψ(0)(−β/2)〉 (4)
One can show that the solutions of (4) form a set {|Ψ(0)K (τ)〉} which is biorthogonal at every τ to
{〈Ψ¯(0)K (τ)|} ≡ {〈Ψ(0)K (−τ)|} and that the eigenvalues ΛK are real due to the Hermitian property of
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the operator ∂/∂τ + Hˆ0(τ)−µNˆ in the enlarged Hilbert space which includes τ in addition to the
space-spin variables.
Let us slice the exponential under the trace in (3)
Tre−β(Hˆ−µNˆ) = lim
ǫ→0
∑
K
〈ΨK |
M∏
m=1
[1− βǫ(Hˆ − µNˆ)]|ΨK〉 , ǫ = 1
M
(5)
and insert complete sets of (many fermion) states at each slice in the expression (5). We label
these sets by imaginary time {ΨK(τm)} and moreover choose them as solutions Ψ(0)K (τ) of (4). In
a standard way we obtain in the limit M →∞ a functional integral like sum
Z(T, µ) =
∑
[Ψ
(0)
K
(τ)]
exp
{
−
∫ β/2
−β/2
dτ
[
〈Ψ¯(0)K (τ)|
∂
∂τ
+ Hˆ − µNˆ |Ψ(0)K (τ)〉
]}
(6)
There are several ways to proceed from this exact expression to devise a suitable mean field
theory. These include the superfluid density functional approach or the use of functional integral
techniques. We will describe them elsewhere, Ref.[19]. Here we will follow a more conventional
variational approach.
3 Variational framework - using the convexity inequality
Let us add and subtract Hˆ0(τ) in the exponential of (6). Using∫ β/2
−β/2
dτ
[
〈Ψ¯K(τ)| ∂
∂τ
+ Hˆ0(τ)− µNˆ |ΨK(τ)〉
]
= ΛK (7)
and defining the probabilities
W
(0)
K =
1
Z0
e−ΛK , Z0 =
∑
K
e−ΛK (8)
we find using the inequality 〈e−X〉 ≥ e−〈X〉, cf., [18],
Z(T, µ) =
∑
K
e−ΛK exp
{
−
∫ β/2
−β/2
dτ〈Ψ¯(0)K (τ)|Hˆ − Hˆ0(τ)|Ψ(0)K (τ)〉
}
≥
≥ Z0(T, µ) exp
{
−
∑
K
(
W
(0)
K
∫ β/2
−β/2
dτ〈Ψ¯(0)K (τ)|Hˆ − Hˆ0(τ)|Ψ(0)K (τ)〉
)}
which has the form of a generalisation of the standard variational bound for the grand potential
Ω(T, µ) = −T lnZ(T, µ) ≤ Ωtrial(T, µ) = Ω0(T, µ) + 1
β
∫ β/2
−β/2
dτ〈Hˆ − Hˆ0(τ)〉 (9)
with the notation Ω0(T, µ) = −T lnZ0(T, µ)
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4 Thermal tunneling bounce - imaginary time dependent
Bogoliubov-de Gennes equations
We take the trial Hamiltonian Hˆ0 to have the form
Hˆ0(τ) =
∑
ij
[
(tij + γij(τ))aˆ
+
i aˆj +
1
2
∆ij(τ)aˆ
+
i aˆ
+
j +
1
2
∆∗ij(τ)aˆiaˆj
]
(10)
with
γij(τ) =
∑
kl
V Aikjl σlk(τ) , ∆ij(τ) =
∑
kl
Vijkl ηlk(τ) (11)
and σ(τ) and η(τ) matrices obeying σij(τ) = σ
∗
ji(τ), ηij(τ) = −ηji(τ) considered as variational
parameters.
One needs to solve Eq.(4) with H0(τ) given by Eq.(10), use the solutions to express Ωtrial(T, µ)
of Eq. (9) as a functional of σij(τ)’s and ηij(τ)’s and then minimise it. One can do this generalising
the derivation of the static finite temperature Hartree-Fock-Bogoliubov formalism. The details will
be published elsewhere [19]. Here is the summary.
Let us define (τ - dependent) quasiparticle operators
dˆ+ν (τ) =
∑
i
[
uν(i, τ)aˆ
+
i + vν(i, τ)aˆi
]
, dˆν(τ) =
∑
i
[
u¯ν(i, τ)aˆi + v¯ν(i, τ)aˆ
+
i
]
(12)
where u¯ν(τ) ≡ u∗ν(−τ) , v¯ν(τ) ≡ v∗ν(−τ). The functions uν(τ), vν(τ) satisfy the eigenvalue equa-
tions (
∂
∂τ
+H(τ)
)
wν(τ) =
λν
β
wν(τ) , wν(β/2) = wν(−β/2) (13)
where denoted
H(τ) =
(
h(τ)− µ ∆(τ)
−∆∗(τ) −h∗(τ) + µ
)
, wν(τ) =
(
uν(τ)
vν(τ)
)
With such uν(τ), vν(τ) the operators dˆν(τ), dˆ
+
ν (τ) satisfy the Fermi commutation relations and one
can write the solutions of Eq.(4) as
|ΨK(τ)〉 ≡ |Ψn1,...,nν,....(τ)〉 =
1√
N !
∏
ν>0
[dˆ+ν (τ)]
nν |Ψ0(τ)〉 with nν = 0 or 1 (14)
This provided that the quasiparticle vacuum |Ψ0(τ)〉 is annihilated by all dˆν(τ). The corresponding
ΛK = Λ0 +
∑
ν λν .
Using such |ΨK(τ)〉’s in Ωtrial(T, µ), Eq. (9), and minimising the result with respect to σij(τ)’s
and ηij(τ)’s leads to the self consistency conditions
σji(τ) =
∑
ν
[(1− fν)v¯ν(j, τ)vν(i, τ) + fνuν(j, τ)u¯ν(i, τ)]
ηji(τ) =
∑
ν
[(1− fν)uν(i, τ)v¯ν(j, τ) + fν v¯ν(i, τ)uν(j, τ)]
fν =
1
1 + eλν
(15)
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It is instructive to examine several limits of the above equations. In the static, τ independent
limit one readily finds the standard, temperature dependent HFB expressions. Disregarding the
pairing field ∆ in the trial Hamiltonian (10) leads to the imaginary time dependent HF form of
the equations with thermal averaged mean field. These were first derived in the Hartree form in
Ref.[6] where it was argued that they provide a mean field description of tunneling in induced
fission. At zero temperature the HF limit of the above equations reduce to the HF equations
describing spontaneous fission, cf., Refs.[3, 4, 8, 5]. The zero temperature limit of our equations
provide the badly needed HFB generalisation of that theory.
Solution of the equations Eqs. (13 - 15) generate an (approximate) contribution to the partition
function given by the exponential of −βΩtrial(T, µ). This can be transformed as follows
− βΩtrial(T, µ) = −
∑
K
W
(0)
K
∫ β/2
−β/2
dτ〈Ψ¯(0)K (τ)|
∂
∂τ
+ Hˆ(τ)− µNˆ |Ψ(0)K (τ)〉 −
∑
K
W
(0)
K lnW
(0)
K (16)
The first term may be interpreted as statistically averaged imaginary time action while the last
term is minus the tunneling entropy.
It is useful (cf.,Ref.[6]) to consider the microcanonical partition function. This is simply
achieved by dropping the terms Hˆ(τ) − µNˆ from the above expression and expressing the in-
verse temperature β and chemical potential µ via the fixed microcanonical excitation energy E∗
and the particle number N . Taking into account the contribution from the static mean field one
can follow Ref.[6]) and write for the tunneling decay width (inverse of the tunnelling probability
per unit time)
Γ(E∗, A) =
D(E∗, A)
2π
e−R(E
∗,N)+S(E∗,N) (17)
with
R =
∑
K
W
(0)
K
∫ β/2
−β/2
dτ〈Ψ¯(0)K (τ)|
∂
∂τ
|Ψ(0)K (τ)〉 , S = −
∑
K
W
(0)
K lnW
(0)
K (18)
and D(E∗, N) = ρ(E∗, N)−1 - the inverse level density of the decaying system (compound nucleus).
Both terms in the exponential have statistical (via W
(0)
K ’s) and imaginary time dynamic (via
Ψ
(0)
K (τ)) contents.
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